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The axisymmetric problem in two-dimensional transversely isotropic magneto-thermoelastic (TIMT) solid due to
inclined load with Green—-Naghdi (GN)-Ill theory and two temperature (2T) has been studied. The Laplace and
Hankel transform has been used to get the expressions of temperature distribution, displacement, and stress
components with the horizontal distance in the physical domain. The effect of Green-Naghdi theories of type |, I,
and lll theories of thermoelasticity has been studied graphically on the resulting quantities. A special case for the
magneto-thermoelastic isotropic medium has also been studied.
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Introduction

The study of deformation in a thermoelastic medium
is one of the wide and dynamic domains of con-
tinuum dynamics. It is well known that all the
rotating large bodies have angular velocity, as well as
magnetism; therefore, the thermoelastic interactions
in a rotating medium under magnetic field are of
importance. The study of thermoelasticity is beneficial
to analyze the deformation field such as geothermal
engineering, advanced aircraft structure design, ther-
mal power plants, composite engineering, geology,
high-energy particle accelerators, and many developing
technologies.

Eubanks and Sternberg (1954) discussed the axisymmet-
ric issue of elasticity concept for a transversely isotropy
medium. Vendhan and Archer (1978) electrostatically an-
alyzed transversely isotropic (TI) finite stress-free cylin-
ders with lateral surfaces using displacement potential.
Green and Naghdi (1992, 1993) dealt with the linear and
the nonlinear theories of the thermoelastic body with and
without energy dissipation. Three new thermoelastic
theories were proposed by them, based on entropy equa-
lity. Their theories are known as GN-I, GN-II, and GN-III
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theories of thermoelasticity. On linearization, type I
becomes the classical heat equation, whereas on
linearization, type II as well as type III theories predicts
the finite speed of thermal wave. Savruk (1994) discussed
the axisymmetric deformation of a TI body containing
cracks.

Tarn et al. (2009) analyzed the axisymmetric and stress
dispersal in a TI roundabout barrel-shaped body utilizing
Hamiltonian variational definition through Legendre’s
change. Liang and Wu (2012) discussed the axisymmetric
deformation of one TI cylinder with the Lure method.
Mahmoud (2012) considered the impact of relaxation
times, the rotation, and the initial stress on Rayleigh waves.
Shi et al. (2016) presented the thermomagnetoelectroelastic
field in a heterogeneous annular multi-ferric composite
plate with thermal loadings which is uniformly distributed
on the boundaries. Kumar et al. (2016a, 2016b) studied the
conflicts of thermomechanical sources in a TI homoge-
neous thermoelastic rotating medium with magnetic effect
as well as two temperature applied to the thermoelasticity
GN-III theories. Li et al. (2016) presented a set of axisym-
metric solutions of the thermoelastic field in a heteroge-
neous circular plate which could either simply reinforced
or fastened persuaded by the external thermal load.

Including these, various researchers dealt with various
theory of thermoelasticity such as Marin (Marin 1997a,
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1997b; Marin 1998; Marin 1999), Marin (Marin 2008;
Marin 1997a, 1997b), Ezzat et al. (2012), Atwa (2014),
Marin et al. (2013), Marin (2016), Marin and Baleanu
(2016), Bijarnia and Singh (2016), Sharma et al. (Sharma
et al. 2015a, 2015b; 2016; 2017), Ezzat et al. (2017), Lata
(2018), Lata et al. (2016), Marin and Ochsner (2017),
Othman and Marin (2017), Ezzat et al. (2017), Chauthale
and Khobragade (2017), Kumar et al. (2017), Lata and
Kaur (2018), Shahani and Torki (2018), Lata and Kaur
(2019a, 2019b, 2019¢, 2019d), Kaur and Lata (2019a,
2019b), Bhatti and Lu (2019a, 2019b), and Marin et al.
(2019).

Despite these, very less work has been done in ther-
momechanical interactions in TIMT rotating solid with
GN-III theory, with two temperature in the axisym-
metric medium. Remembering these contemplations,
analytic expressions for the displacement components,
stress components, and temperature distribution in two-
dimensional homogeneous, TIMT rotating solids with
GN-III theories, with two temperature have been
derived.

Basic equations

The field equations with and without energy dissipation,
without body forces and heat sources for an anisotropic
thermoelastic medium following Lata and Kaur (2019d),
are:

tij = Cijuex = B;; T, (1)
Kij@ i + K0, = By Toéij + pCeT. (2)

and the equation of motion for a medium rotating
uniformly and Lorentz force is

ti/7i —+ F,' :p{u, + (Q X (Q X u)i =+ (ZQ X l;t)i},
(3)

where
Q =Q0n, n is a unit vector signifying the direction of
the rotating axis.

— =
F; Zﬂ()(] X Ho)’

T = ¢_ﬂij¢_ija (4')

B = Cijuai, (5)
1 .

eij-zi(u,-?j—i-uj,,-).z: 1,2,3 (6)

ﬁij =65, Kij = Kidij,l(z; = K0y, iis not summed

Here Cyj having symmetry (Cijkl = Cuj = Cjiu = Ciﬂk).
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Method and formulation of the problem

Consider a TIMT homogeneous medium with an initial
temperature T,. We consider a cylindrical polar coord-
inate system (r, 6,z) with symmetry about the z-axis.
For a plane axisymmetric problem, v =0, and u, w, and ¢
are independent of 6. Additionally, we take

0 =(0,0Q,0).
and
J»=0.

The density components Jjand /3 are given as

*w
J1= —€0M0H0¥, (7)
u
J3 = EoﬂoHow- (8)
Using the appropriate transformation following

Slaughter (2002) on Egs. (1)—(3) to determine the condi-
tions for TI thermoelastic solid with 2T and with and
without energy dissipation, we get

Pu 1ou 1 *w
C“(ﬁ+?§_r_2”> +C13<w>
’u o*w d %y
+C44a—zz+c44<—araz>‘ﬁ1${¢‘“l(ﬁ
10¢ %y
+rar>—ﬂaazz —toJ3Ho
*u ow
=p| —=-Q*u+20— 9
p<at2 u+ at>’ )
3w
g% 29 Cul 22
araz+raz>+ 44(8;’2

1ow ?w 9 %y
+rar> T ooa Py, {Hl(arz

u 1ou
(Ci1+ Caa)

0z

(10)

15¢) \orz " ror 39t ) 9z
o ou ow > 9 19p )
=Toga (ﬁﬁ”%&) TPCron {f" (ﬁ*ﬁ) ”5}

(11)

2 2
(1(1 LK a) <U+la—(”) n <1<3+1<* a> o0



Kaur and Lata International Journal of Mechanical and Materials Engineering

Constitutive relations are

Ly = C116 + C12€09 + CISezz_ﬁlT
Loy = 2Cq4€p,

L,z = C13€ + C13€00 + C3Bezz_ﬁ3T

tgo = Cr2€y + C11€00 + C13€.—P5 T

(12)

where
1o ow
= =9\ez " ar )
o
rr ar’
u
€gg = —,
r
ow
g 1dgp g
T — gy 2% gv
p=m <8r2+rar> Bl

B, = (c11 + ci2)an + cizas,
ﬂs = 2c1301 + Cc3303.

We consider that a primary medium is at rest. Therefore,
the preliminary and symmetry conditions are assumed as

u(r,z,0) =0 = u(r,z,0),
w(r,z,0) =0 =w(r,z,0),
¢(r,2,0) =0 = ¢(r,z,0) for 220, —c0 < r < oo,
u(r,z,t) = w(r,z,t) = ¢(r,z,t) = 0 for t > 0 when z—co.

To simplify the solution, the following dimensionless
quantities are introduced

2 2

’ roo z C1 / PCy ’ P
= ="t ="tu= =
A A A A 7 P 7 N
/ T / tzr ! tzz / @ / ay

TO’ zr ﬁ TO’ zz ﬁlT()?(p T07a1 LZa

! h ’ L

S h="a0=Zo0.
%= L2 27

(13)

Applying the dimensionless quantities introduced in
(13) on Egs. (9)-(11) and subsequently suppressing the
primes and using the following Laplace and Hankel
transforms

oo

f(r,z,s) = /f(r, z,t)e ' dt, (14)
f(f, z,8) = /Owj_’(r,z,s)r]n(rf)dr (15)

on the resulting quantities, we obtain

(=€ + 62D°~5787 + Q?)ii + (81 DE-2Qs) W
+(=€(1+ a1€%) + a3€D*)p = 0,
(16)
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(01D€ + 20s)it + (83D*-6:8-5*67 + Q%) w

—(ﬁlD[(1+€2611 ﬂgD )
1

(17)
—56526’2_%5652Dﬁ’ + (—6882 (1 + fzﬂl—d;;Dz)—fz(I(l + 64.9)
! +D*(K5 + 855))§ = 0.
(18)
where
KiC
5 :w’(gz _ 03 = ¢33 .04 :1_1755
C11 c11 1 , L
K:C T eou2H
GG g TRy g, oty s,
= —‘DCEC%.

The non-trivial solution of (16)—(18) by eliminating %,
w, and ¢ yields

AD®*+BD*+CD*+E=0 (19)

where

A = 8205011098207,
B = 6205011 + 0501011 + 0283010-0207810-07(100~{5C 1t
+0204lo + C50702-0504ls,
C = {10300 + 0281005 + 03038 10-Co01 06 =050 10 + (al6ls
+ (30200~{50505-(al (5 + 4Q%5 (14,
E = {50110-Cs0505 + 407 (1p.
(= -§-5"67 + 7,

(2 = 6167
{3=-E(m& +1),
(4 = ﬂgf,
(5 = —0:6-5%0; + Q%
o= ad)
_ B
(7 dS/))la
(8 = _666321
= _&5 2
(9 ﬁl 65,

Cro = ~0s8* (1 + a1 %) ~EX (K + 8as),
(11 = ([{3 —+ 653) + 63S233.

The solutions of Eq. (19) can be written as

(€, z,s) =

Z Ae’“
Z dA —A,z

w(& z,8) =
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3 —~ 3
. Az . F
¢(€7Z,S):Zl]‘A]‘e Aj 5 (22) W:lﬁ(é‘)[zdj/lllal + A Zd/Azjel 5
j=1 j=1 j=1
where A; being arbitrary constants, +\; represents the (31)
roots of Eq. (19) and d; and /; are given by . R . s
~ Fll/’l({) FZ’//z(f)
o 52(11/14; + (C1101-Cals + 52(10)A? + C1¢10-Cs03 =7 ;l//h,ﬁ} R ; a5
(038 -0r00A) + (8310 + CsCu=Cole)A] + Cslio (32)
- 82031; + (8205 + (103-05)AT + (105 + 407> o[
(53511—6759))[[; + (63810 + (5(11_(9(6)A? + {510 br =—7 Z Q1,9
j=1
tee = ZA/(f’S)”ie_A’Z’ (23) + Fay,(§) i QA0
— By A / 25V |
by, = ZAj(f,s)ptje Az (24) j=1
N (33)
tr =Y Aj(€,5)Qe™, (25)
- Fy, 3
where Lar = 1(/;11(5) Z”/’AUG/
j=1
(5116 63/1 d] ﬁ (1 + 6{162) /33 agl A (26) Fz/l/_/\;(f) 3
ﬁl ﬁ + A Z”/’A2161 )
j=1
Q; = (10 + 1)§-01dd;~Li(1 + ai€?) +aslihy, Fi(§) | N
ij=123. = Zn,Auell
j=1
Boundary conditions Fz% Z A
The boundary conditions when normal force and tan- 1429
gential load are applied to the half-space (z = 0) are (35)
teo(r,z,t) = —F1y, (r)H(2), (27)
tr(r,z,t) = —Fay,(r)H(2), (28)
dp(r,z,t) )
WED  holr,z,0) = 0. 29| g A F1
where ¥,(r) and y,(r) are the vertical and the tangen-
tial load applied on along the r-axis and 0
1 t>0
H(¢) = {
0 t<o0
YA€)= ~Fy (), =
D A€ s)u; = —Fay(€), F>
> Aj(€,5)P; = 0. where, P; = L;(-A; + ).
Solving Egs. (27)—(29) with the aid of (20)-(25), we
obtain
F1W1 FZ‘/’z
ZA” ZAZ’ Ak Fig. 1 Geometry of the problem
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where

A = —paP3 4 Popts,
A1y = py P3=Prps,
A3 = —pu Py 4 Pry,,
Ay = ’72P3—P2’73
Agy = =1 P3 + Py
Aoz = 1, Py=Pin,
A = -mAn-nyA12-n3A13,j = 1,2,3.

Special cases

Concentrated normal force (CNF)
The CNF applied on the half-space is taken as

yi(r) :?

Jr

’ II/Z(F)

8(r)

== (36)

2mr

Applying Hankel transform, we get

Distance x

Fig. 3 Deviations of w with x (with CNF)
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Fig. 4 Deviations of ¢ with x (with CNF)
A\

11O = g 2O = e (37)

The solution of Egs. (30)—(35) with CNF is obtained using (37).

Uniformly distributed force (UDF)

Let a uniform force F)/constant temperature F, be
applied over a uniform circular region of radius a.
We obtained the solution with UDF applied on the
half-space by taking

H(a-r)

ma’ ’ (38)

Yi(r) = y,(r) =

where H(a - r) is a Heaviside function. The Hankel
transforms of y(r) and y,(r)are given by

(&) =¥a(§) = {]21](12?},&0. (39)

The solution of Egs. (30)—(35) with UDF is obtained
using (39).

5.00E+072 - A Distance x
Ehooo&ooo Ay .Z. \ A
@ 2 § % 5 v 8 %ﬂ 11
o
[o]
Q.
E
8§ -5.00E+072
@ ——GN-llI
% —— GN-II
-1.00E+073 4 GN-I
-1.50E+073 -
Fig. 5 Deviations of t,, with x (with CNF)
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Applications

We considered an inclined load (Fy/unit length) ap-
plied on a uniform circular region and its inclination
with the z-axis is 6 (see Fig. 1), we have

Fi = Fy cosf and F, = F, sinf (40)

Using Eq. (40) in Egs. (30)—(35) and with the aid of Egs.
(37) and (39), we obtain displacement components, stress
components, and conductive temperature with uniformly
distributed force and concentrated force on the surface of
TIMT body with and without energy dissipation.

Particular cases

a) If we take I(;‘j:tO, Eq. (2) is GN-III theory, and
thus we obtain the solution of (30)—(35) for
TIMT solid with rotation and GN-III theory.

b) Equation (2) becomes GN-II theory if we take
K7 = 0, and we obtain the solution of (30)—(35) for
TIMT solid with rotation and GN-II theory.

c) If we take Kj; = 0, the equation of GN-III theory
reduces to the GN-I theory, which is identical with

ASTA
e

—=—GN-Ill
—— GN-II
—— GN-I

2.00E+073

1.50E+073

1.00E+073

5.00E+072

0.00E+000

-5.00E+072
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Stress Component t,,

-2.00E+073 -

-2.50E+073

-3.00E+073 -
Fig. 7 Deviations of t,, with x (with CNF)

Distance x
Fig. 8 Deviations of u with x (with UDF)

the classical theory of thermoelasticity, and thus we
obtain the solution of (30)—(35) for TIMT solid
with rotation and GN-I theory.

d) IfCi=Cs3=21+24,Cip =Ci13=1,Cyu =4,
alzagza', a,=as=a, by =by;=0b,
K, =K;3 =K, K] = K; = K*, we obtain the
solution of (30)—(35) for TIMT materials with
rotation and with GN-III theory.

Inversion of the transformation

To obtain the solution to the problem in the physical domain
following Sharma et al. (2015a, 2015b), invert the transforms
in Egs. (30)—(35) by inverting the Hankel transform using

oo

fi(r,z,s) :/ff(f,z,s)],,(fr)df.

0

(41)

The integral in Eq. (41) is calculated using Romberg’s
integration through adaptive step size as defined in Press
et al. (1986).
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Numerical results and discussion

For determining the theoretical results and influence
of GN-I, GN-II, and GN-III theories of thermoelasti-
city, the physical data for cobalt material has been
considered from Dhaliwal and Singh (1980) as

c11 = 3.07 x 10" Nm2, ¢35 = 3.581 x 104N m™2,¢;5 = 1.027
x10" N m™2, ¢y = 1.510 x 10" Nm™, 8, = 7.04
x10°N m™ deg™,f; = 6.90 x 10°N m™ deg™,p = 8.836
x10°%kg m™3, Cp = 4.27 x 10%jkg™! deg™', K = 0.690
x10°W m™! deg™!, K3 = 0.690 x 10*°W m™ K™, T,
=298K, Ho=1]Jm'nb!, g =8838x102Fm™, L
=1, and Q =0.5.

Using these values, the graphical illustrations of dis-
placement components (¥ and w), conductive
temperature @, normal force stress t,,, tangential stress
t,, and radial stress t,.for a TIMT solid with GN-III
theory and with 2T due to inclined load, have been il-
lustrated. The numerical calculations have been obtained
by developing a FORTRAN program using the above
values for cobalt material.

1.50E+077
——GN-lI
1.00E+077 NI
= ] —— GN-I
k<
Q
C
9]
o
€ 5.00E+076 -
3
(&]
2 A
17
7 N\
@ 0.00E+000 T T T T T T T T 1
1 34\5/6 7V91011
Distance x
-5.00E+076
Fig. 11 Deviations of t,, with x (with UDF)

i. The black line with a square symbol relates to
K3#0 for TIMT solid with rotation and GN-III
theory.

ii. The red line with a circle symbol relates to Kj; = 0
for TIMT solid with rotation and GN-II theory.

iii. The blue line with a triangle symbol relates to
K;;=0 the GN theory of type L

Case 1: Concentrated normal force

Figures 2, 3, 4, 5, 6, and 7 illustrate the deviations of # and
w, conductive temperature ¢, and t,, t,,, and t,, for a TIMT
medium with concentrated normal force, with rotation, and
due to inclined load. From the graph, we find that that the dis-
placement component () and conductive temperature ¢ de-
creases while stress components ( ¢, t., and f,) and
displacement component (w) show a sharp increase and then
an oscillatory pattern with an amplitude difference.

Case ll: Uniformly distributed force (UDF)

Figures 8, 9, 10, 11, 12, and 13 illustrate the deviations of
u and w, conductive temperature ¢, and ¢, t,,, and ¢, for
a TIMT medium with UDF and with rotation, and due to

5.00E+077
4.00E+077 | —=—GN-Ill
N —— GN-lI
T 3.00E+077 - GN-I
c
o
o
€ 2.00E+077
o
(@]
ﬁ 1.00E+077 A
& f\
0.00E+000 T T T T T T T /:
3 4\5/6 7M 10 1
-1.00E+077 -
Distance x
Fig. 13 Deviations of t,,with x (with UDF)
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inclined load. The displacement components (u), stress
components ( ¢,, t,,, and t,,), and temperature ¢ decrease
sharply and then show the small oscillatory pattern, while
the displacement component (w) first increases during the
initial range of distance near the loading surface and fol-
lows the small oscillatory pattern for the rest of the
values of distance.

Conclusions
In the above research, we conclude:

e The components of displacement, stress, and
temperature distribution for TIMT solid with
GN-III theory, with 2T with inclined load, are
calculated numerically.

e The study motivates to consider magneto-
thermoelastic materials as an inventive field of ther-
moelastic solids. The shape of curves demonstrates
the effect of various GN theories and rotation on the
body and fulfills the purpose of the study.

e The outcomes of this research are extremely
helpful in the 2-D problem with dynamic
response of inclined load in TIMT medium with
rotation which is beneficial to detect the
deformation field such as geothermal engineering,
advanced aircraft structure design, thermal power
plants, composite engineering, geology, high-
energy particle accelerators, geophysics, auditory
range, and geomagnetism. The proposed model is
significant to different problems in thermoelasti-
city and thermodynamics.

Nomenclature

Symbol Name of Symbol Sl Unit Symbol Name of SI Unit
Symbol
6u Kronecker delta, w Frequency Hz
Ci Elastic Nm™ B; Thermal elastic  Nm 2K
parameters, coupling
tensor,
To Relaxation Time s Q Angular s
Velocity of the
Solid
F; Components of N T Absolute K
Lorentz force temperature,
ﬁo Magnetic field Jm 'nb™! ey Strain tensors,  Nm™

intensity vector

0 conductive Wm~ 'K 7 Current Density Am >
temperature, Vector

ty Stress tensors, Nm™ v Displacement m

Vector

Uo Magnetic Hm™' To Reference K
permeability temperature,

u; Components of m & Electric Fm™'
displacement, permeability

(2020) 15:3 Page 8 of 9
(Continued)
Symbol Name of Symbol  SI Unit Symbol Name of SIUnit
Symbol
0 Medium density, ~ Kgm > 8(6) Dirac’s delta
function
Ce Specific heat, Kg 'K K Materialistic Wm™'K™!
constant,
aj Linear thermal K Ky Thermal N2k
expansion conductivity,
coefficient,
H(t) Heaviside unit Fi, Fo magnitude of N

step function applied forces
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