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Abstract

It is important to avoid buckling during low-cycle fatigue testing. The buckling load is dependent on the specimen
shape, material properties, and the testing machine. In the present investigation of hourglass-shaped specimens the
importance of the diameter to radius of curvature is examined. Diameters of 5 and 7 mm are examined with a ratio
of radius of curvature to diameter of 4, 6, and 8. The machine used is an Instron 8800 with elongated rods for a
climate chamber. This leads to a reduced stiffness of the machine during compression testing. A finite element
model (in Abaqus) is developed to identify the critical buckling force. For hourglass-shaped specimens, buckling
means onset of sideways movement, without a drop in the applied load which is typical for conventional Euler
buckling. The onset of sideways movement is identified experimentally by analysis of the data from extensometer
and the load cell. This model is verified by experiments and fits within 0.6 to − 11% depending on the specimen
diameter and diameter to radius of curvature ratio. The smallest deviations are obtained for the 7-mm-diameter
specimen with deviation varying from 0.6 to − 3.3% between the model and the experiments. The current
investigation is done with a commercially available hot rolled structural steel bar of Ø16 mm.

Keywords: Compression testing, Hourglass specimen design, Finite element modeling, Critical buckling force, Hot
rolled steel, Low-cycle fatigue

Introduction
Specimen design due to fatigue testing machine con-
struction limits are not well described in the literature.
Therefore, a method to identify the limits for an actual
machine is needed. During axial low-cycle fatigue test-
ing, one has to make sure that this buckling is avoided
in the compression cycle. Hourglass-shaped specimens
are suited to investigate low-cycle fatigue. The hourglass
shape is suitable to resist buckling during the compres-
sion phase compared to a uniform section specimen. It
is time-consuming to determine the onset of buckling by
experiments alone and buckling might damage the la-
boratory equipment. Therefore, one needs to find a
method to calculate the critical buckling force, i.e., the
onset of sideways movement during the compression
cycle. This is different from Euler buckling as this kind

of buckling occurs at a force lower than maximum force.
During Euler buckling, a sudden drop in force is ob-
served. For an hourglass-shaped specimen, buckling (the
onset of sideways movement) is observed without a sud-
den drop in force. This paper shows a method developed
to calculate this critical buckling force and experiments
to verify the model.
In the literature, there are limited descriptions of spe-

cimen design for low-cycle fatigue specimens by a finite
element model and corresponding verification by experi-
ments. The paper of Sandhya et al. (1994) gives a valu-
able description of experiments with different specimen
geometries. Narendra et al. (2019) investigated low-cycle
fatigue behaviour and cyclic placiticty of mild steel.
Hales et al. (2014) presented a code of practice for the
determination of cyclic stress-strain data. Nogami et al.
(2010) studied the effect of specimen shape on the low-
cycle fatigue life of small specimens. The investigation
includes the results of finite element model. Skelton
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(2013) describes tests with different R/d ratios and a par-
allel section of the specimen.
The design of low-cycle fatigue specimen is of great

importance when it comes to setting up reproducible
tests. Therefore, the standard from the American Society
of Testing and Materials, ASTM E606/606M (2012), has
been used as a guideline for the specimen geometry. In
the current investigation, specimens were designed with
a R/d ratio from 4 to 8, which is well defined by ASTM
E606/606M (2012). A conventional mild low-carbon
steel was used. In order to identify the onset of buckling,
an examination of the flexibility (the derivative of elong-
ation to force) was analyzed from experimental data, as
conventional buckling is associated with a rapid change
in strain and/or force. To predict the critical buckling
force, finite element models were made using the finite
element code (Abaqus Dassault Systèmes®). The material
model in the commercially available code (Abaqus) was
calibrated based on tensile tests of the material. The
model was validated by experimental tests in order to
verify the critical buckling force for the actual material.
In this work, the specimens were tested in an Instron

servo-hydraulic testing machine (Instron 8800). The spe-
cific machine is equipped with a climate chamber for
testing temperatures ranging from − 70 to 350 °C and
therefore has elongated rods for the allowance of the
specimen mounting heads inside the chamber. This gives
a wide experimental range. The elongation rods are
treaded onto the piston rod of the machine. Thereby,
some mechanical flexibility is introduced. However, the
experiments must be designed so that buckling is
avoided during the compression phase of the cycle.

Methods and experimental design
Material, constitutive model, and parameter identification
The material used for these tests is a commercial quality
hot rolled structural steel S355J2-1.0577. The specimens
were machined from a Ø = 16-mm bar which were ap-
proved according to EN10025-1 (2004). The minimum
required yield strength is 355 MPa and the ultimate ten-
sile strength is within 510-680 MPa according to

EN10025-1 (2004). A computer numerical controlled
(CNC) lathe was used to machine the specimens. A
high-quality surface finish is not considered to be critical
for the onset of buckling in a one-cycle compression
test.
The material model is based on von Mises yield criter-

ion, the associated flow rule, and a modified Voce law.
Calibration was based on tensile tests. Design of the ten-
sile specimens was done according to Fig. 1. Diameters
were measured on the individual specimens tested.
Three specimens in parallel were tested. The deform-
ation of the specimens was measured by a longitudinal
extensometer with a gage length of 12.5 mm. The tensile
experiments were displacement controlled. A rate of
1.56 mm/min were used and a sampling frequency of 20
Hz. The strain was logged from machine displacement
in addition to the longitudinal extensometer.
The variation between the stress-strain curves of the

specimens tested was minimal. Results from one of the
tensile tests are described in Fig. 2. The true stress-true
strain and engineering stress -engineering strain curves
are shown.
In order to include the yielding plateau, Voce law had

to be modified by a constant to include the strain at the
end of the yield plateau ε0.

σ εpð Þ ¼ σys; εp≤ε0

σ εpð Þ ¼ σys þ
Xn

i¼1

Qi � 1−e −Ci� εp−ε0ð Þð Þ� �
; εp > ε0

where the parameters:
σys is yield stress measured from the test.
ε0 is plastic strain at the end of the yielding plateau.
Qi and Ci are constants calculated from experimental

data by applying least square method.
By applying n = 2, the Voce law fitted the experimen-

tal data well. This can be seen in Fig. 3. The parameters
of the Voce rule were calibrated by minimizing the fol-
lowing error (least square fit) by using the problem
solver in spreadsheet (Excel):

Fig. 1 Design of tensile specimen with measured radius 7.15 mm
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Fig. 2 Engineering stress and true stress from tensile testing

Fig. 3 Calibration of material model by applying Voce law
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Error ¼
Xk

i¼1

σ i−σ
� εpi
� �� �2

where σi is the measured true stress at data point i.
σ* (εpi) is the calculated stress at the plastic strain at

data point i.
k is the total number of data points used for the

calibration.
The values obtained from the calibration are described

in Table 1.
One can see from Fig. 3 that the Voce law model ex-

trapolated further than the true stress-strain curve. This
is because the true stress-true strain curve is only valid
onto the onset of diffuse necking in elongation.

Experimental design
The tests were designed according to ASTM E606/606M
(2012). This standard describes various geometries
allowed for strain-controlled fatigue testing. This is used
also for low-cycle fatigue testing. Servo-hydraulic ma-
chines are widely used for fatigue testing of steel and
other high strength materials. The machine with a speci-
men mounted is shown in Fig. 4. For low-cycle fatigue
testing the uniform specimen is not suited due to a sub-
stantial lower buckling force. Hourglass-shaped speci-
mens are therefore better suited for low-cycle fatigue
testing. The geometries tested varied with R/d ratio be-
tween the diameter and the radius of curvature as de-
scribed in Fig. 5 for a general setup. The grips were
circular without treads. Compression was done with
specimens according to Figs. 5 and 6. Table 2 describes
the different diameters and ratios used in the tests. The
overall length of the specimens was larger than the pre-
scribed values of 20 days + 4 days. This extra length was
confined within the grips, so that we also could fit the
longitudinal extensometer onto the specimen during
testing.

Finite element model
The design of a finite element model is essential in order
to predict the experimental behavior. Initially, a model
for the whole machine and the specimen was made
using a finite element code (Abaqus). This introduced

several factors to the model that lead to assumptions
and uncertainties. Such a model requires also a substan-
tial amount of run-time of a strong computer. Therefore,
a simplified model was developed, which is described in
Fig. 7 (part a). It was chosen to use the explicit solver,
which is commonly used to solve dynamic problems.
However, the explicit method is also used in the litera-
ture to solve quasistatic problems similar to the one in
this investigation shown by Romanova et al. (2019) and
Hu et al. (1994). Full three-dimensional models must be
made in order to capture the buckling behavior. Conver-
gence tests of the 3D model were done by refining the
element mesh until insignificant difference from the pre-
vious mesh size. In addition, an axisymmetric model in
tension was modeled with a fine mesh and compared to
the 3D model with the mesh used in the modeling of the
compression tests. The time of the simulation was set to
1 s. This gave a sufficiently low speed of the deformation
to ensure that the kinetic energy was insignificant com-
pared to the total energy. The element chosen was the
C3D8R element (8-node linear brick, reduced

Table 1 Calibration values from the tests

σo = Re [MPa] 417

ε0 0.015

n 2

Q1 [MPa] 44.51

Q2 [MPa] 246.17

C1 70.59

C2 13.18

Fig. 4 Servo-hydraulic testing machine with elongated frame for
climate chamber
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integration, hourglass control). Example of the geometry
and mesh are shown in Fig. 7a and b, respectively. The
number of elements were ranging from 646 to 850 ele-
ments depending on the geometry of the specimens.
The mesh quality was checked with the mesh control in
FEM software (Abaqus) using the default settings with
respect to corner angles and aspect ratio.
The deformation was applied in the longitudinal direc-

tion to the upper part of the model, representing the
upper grip. All the other degrees of freedom were fixed
for this part. The displacement was given as a linear
function up to a chosen maximum limit of deformation.
The part within the bottom grip was modeled to be free
to move in the plane normal to the longitudinal axis. All
the other degrees of freedom were fixed for this part.
The boundary conditions of the presented model over-

constrain the rotation of the grips and under-constrain
the sideways movement of the bottom grip. Geometrical
imperfections and misalignment were not included in
the model.
The essential output of this model is the critical buck-

ling force, i.e., this is the force for the onset of sideways
movement. The result of the sideways movement (buck-
ling) is shown in Fig. 7c. The simulations of the model
were run on a computer equipped with a processor of
type Intel® Xeon® W-2123 CPU @ 3.60 GHz and 16-GB
RAM. The CPU time for the simulations was ranging
from about 1400 to 2300 s. Until the point of sideways
movement, the mesh quality remained good.

The finite element model (Abaqus) calculated the side-
ways movement of the point RP-2 (see Fig. 7a) at the
bottom plane of the specimen. The onset of sideways
movement was determined by taking the time-derivative
of the movement in the X- and Y-direction (U1 and U3
respectively) of the point RP-2 (see Fig. 7a). A typical ex-
ample is shown in Fig. 8 for R5d8. The derivative of the
movements in X-Z plane is stable prior to buckling.
They fluctuate around zero, but when the derivative of
the movement is drifting away from zero, the sideways
movement had started. This represents the onset of
buckling. For example, in Fig. 8, the onset of sideways
movement determined by graphical analysis at time 0.24
s. The value is somewhat approximate, but the corre-
sponding values in the force change little around this
time in the data set. The compression force calculated
from the finite element model (Abaqus) showed no sig-
nificant change in value at the onset of sideways move-
ment as can be seen in Fig. 9 for the exact same model
as shown in Fig. 8. The strain energy from the finite
element model was also analyzed and did not reveal a
sign of sudden change at the onset of sideways move-
ment of RP-2. Thus, there is no observed significant
change in strain energy that indicates the onset of the
buckling phenomenon observed.

Compression tests
Compression tests were done with a longitudinal extens-
ometer and no transversal extensometer. The exact

Fig. 5 Design of specimen for low-cycle fatigue based on Fig. 1 in ASTM E606/606M (2012). The geometry with hourglass shape was used in
the experiments

Fig. 6 Length of grip zone and compression zone in specimens tested. The 45 mm on the sides are confined within the grips of the machine.
The end connections are straight sided collet-grip according to Fig. 5
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position of the thinnest section is difficult to locate in an
hourglass-shaped specimen. Even a small misposition
will influence the results as it is difficult to place a trans-
versal mechanical extensometer on the exact place
where the diameter is measured.
The experiments were designed to identify a crit-

ical force level on which the sideways movement of
the specimens started. Therefore, the distance be-
tween the grips was set to 100 mm as can be seen
from Fig. 6. This distance was marked with a marker
on the specimens and introduced a small uncertainty
for the experiment. A constant distance between the
grips makes the experiments reproducible. Two spec-
imens for each of the geometries described in Table
2 were tested.

The longitudinal extensometer was positioned in the
parallel section outside the hourglass-shaped area. The
measurement length of the extensometer was 50 mm.
This makes the measurements from the tests reprodu-
cible as the diameter is constant at the two mounting
points and the position of the mounting does not change
as it is outside the area of plastic deformation. The ex-
tensometer measures both compression and elongation
within the range of the instrument. The extensometer in
use is documented with a linearity of 0.15% of full scale
from the supplier Instron 2015 (reference manual). The
setup is shown in Fig. 10.
The compression tests were force controlled. The tests

had a power increase of 500 N/s up to the set maximum
limit, which depended on the specimen geometry, and
the critical buckling force calculated from the finite
element model (Abaqus).
In order to identify the critical force for sideways

movement, the experimental data need to be ana-
lyzed. The sideways movement is initiated by exceed-
ing a critical force. In order to identify the onset of
buckling, change in strain to force was analyzed by
use of the following equation related to flexibility.
Flexibility is derivative of displacement with respect
to force, and this equation is correlated to flexibility

Table 2 Geometries of tested specimens

Diameter d [mm] Radius R [mm] R/d

5 20 4

5 30 6

5 40 8

7 28 4

7 42 6

7 56 8

Fig. 7 a Modeled specimen geometry (the three yellow squares along the y-axis represent from the bottom upper part of lower grip, center
plane of specimen and lower part of upper grip). b Finite element mesh of undeformed model. c Deformed model after onset of sideways
movement (buckling)
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by a constant factor since displacement is replaced by
strain.

Δε
ΔF

����
���� ¼

εiþ1−εi
Fiþ1−Fi

����
����

The number of datapoints for each specimen is typic-
ally above 4500, so the change from point to point is
small. Therefore, the derivative gives a good indicator

for changes both the force and the strain. The absolute
value gives a more readable figure. A typical example of
the critical force is given in Fig. 11. The geometry of this
specimen can be seen in Table 2, with a smaller diam-
eter of 7 mm and a radius of curvature of 56 mm.
The recorded data are somewhat noisy and no data fil-

ters are used. Here, the derivative shows the first clear
peak which is interpreted as the critical force for onset
of sideways movement. A closer look at the recorded

Fig. 8 Onset of sideways movement in specimen d5 with R/d = 6 according to Table 2. The onset of sideways movement is determined
graphical at 0.24 s. U1 and U3 is the X- and Z-position of the point RP-2 in Fig. 7a

Fig. 9 Compression force versus time for specimen d5 with R/d = 6, calculated from the finite element model (Abaqus)
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data shows that the maximum peak of the derivative is
caused by a change in the measured longitudinal strain
not followed by a corresponding change in force. This
explains how the sideways movement appears. The de-
rivative of the strain to force curve in Fig. 11 shows a
clear peak at 22600 N. The corresponding force-
displacement curve in Fig. 12 does not show any clear
sign of onset of buckling.

Results and discussion
The model showed a reasonable correlation with the ex-
perimental results, as shown in Table 3. The deviation
between the model and the experiments is maximum
11% between average of experiments and model. The
model shows a significant better correlation for the lar-
ger diameter specimen. One can see from Table 3 that a
larger diameter (d) gives a higher measured buckling
force as expected. It is also clear that the smaller ratio
R/d between the specimen diameter (d) and the radius
of curvature (R) gives a higher buckling force.
A large diameter gives a smaller deviation between the

experiment and the model. The model allows the whole
bottom grip of the specimen to move freely in the X-Z
plane. This is a simplification that does not include the
stiffness with respect to sideways movement of the lower
elongation rod of the test machine as can be seen from
the photo in Fig. 4. This simplification is expected to
give lower buckling force values in the model than in
the experiments. In general, it is observed that the calcu-
lated values from the model are smaller than the mea-
sured values from the experiments.

Fig. 10 Mounting of longitudinal extensometer

Fig. 11 Derivation of strain to compression force (flexibility) versus force in order to find critical force for sideways movement. The specimen had
a diameter of 7 mm and R/d = 8
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This investigation was adopting a 3D model perfectly
straight with the resultant of the force applied coinciding
with the model’s axis. The onset of buckling is normally
caused by a perturbation for a perfectly straight model.
In the current investigation, the perturbation is expected
to be caused by a numerical effect in the calculations.
Other factors influencing the onset of buckling could be
tilting of the specimen or geometric imperfections in the
shape of the specimen. By adapting a 0.1 and a 1° tilting
of the specimen to the compression axis, the used model
gave a lower buckling force than was found in the exper-
iments. The determination of the degree of tilting will

therefore cause a substantial uncertainty in the model.
The same goes for the determination of the value of ma-
chine stiffness for predicting the onset of sideways
movement of the specimen. Both these factors will influ-
ence the predicted buckling force.
The observed phenomenon named buckling in this

work is principally different from a classic buckling. In
those cases, the onset of sideways movement will lead to
a reduction in measured force which will be at peak at
the onset of buckling. In this case, the force is temporar-
ily halting and continues to increase afterwards. The
plateau in the force is less than a 1/10 of a second.

Fig. 12 Force-displacement curve for d = 7 mm and R/d = 8. Strain values are from extensometer. The critical buckling force is marked with the
red line. Force and strain values are negative due to compression

Table 3 Comparison of model with experiments

Smaller
diameter,
d [mm]

Radius of
curvature
R [mm]

Ratio
R/d

Critical force, Pcr [kN] Deviation
between
experiments
and Finite
element
model
(Abaqus)
model

Test 1 Test 2 Finite element model (Abaqus)

5 20 4 18.42 17.09 15.81 − 11.0%

5 30 6 14.41 14.03 13.74 − 3.4%

5 40 8 12.61 12.94 11.83 − 7.4%

7 28 4 31.97 31.30 30.60 − 3.3%

7 42 6 26.46 26.70 26.52 − 0.2%

7 56 8 21.70 22.64 22.31 0.6%
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Classic buckling is based on uniform diameter speci-
mens and is thus not directly valid for hourglass-shaped
specimens.
The method to determine the critical buckling force

from the experiments used in this work is relatively sim-
ple compared to more expensive instrumentation like
optical measurement methods with laser Hirose et al.
(2000). The accuracy of the presented method is as-
sumed to be high although it requires analysis of the
data after the experiment is done.
The ability to predict the critical buckling load is es-

sential for low-cycle fatigue testing in uniaxial mode.
This requires availability of a model to predict the onset
of buckling as this must be avoided during low-cycle fa-
tigue testing in uniaxial mode.
During low-cycle fatigue testing, the material behavior

will change. Before testing of an unknown material, it is
uncertain to predict if the critical buckling load will in-
crease or decrease compared to the first compression
cycle as the model in this paper presents. In this case, an
optical instrument might enable an in situ detection of a
possible sideways movement. Independent of the mater-
ial behavior, a low-cycle uniaxial fatigue test must start
with a compression force below the buckling force.

Conclusion
A model for predicting buckling of hourglass-shaped
specimen is presented. The model is calibrated based on
tensile tests. A finite element software (Abaqus) is used
to build the model. Compression tests of hourglassed
specimen with diameters of 5 and 7 mm is done. The
geometry of the specimens is based on the ASTM 606M
standard. The ratio of the radius of curvature (R) in the
hourglass section to the diameter (d) in the thinnest sec-
tion (R/d) was tested at values 4, 6, and 8. A commercial
cold-drawn low-carbon steel was used for the tests.
The model showed smaller deviation for the larger

diameter (d) specimen. The smallest R/d-ratio gave the
largest deviations between the model and the experi-
ments. Specific knowledge about specimen geometry
and the maximum planned compression force is neces-
sary to avoid buckling during compression in axial low-
cycle fatigue tests. The presented work is limited to the
first compression cycle, but is crucial for a successful
low-cycle fatigue test.
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